
Planar graphs

Let us start with the definition of planar graphs.

Definition. If a graph can be drawn in the plane in such a way that the edges
do not cross each other, then the graph is called planar.

Of course, this depends on the actual drawing, a graph can have a drawing
in which there are crossings but we may draw it in a more clever way without
crossings. There is a result, due to Fáry and Wagner, which guarantees that in
case of planar graphs there is always a drawing in which the edges are straight
line segments.

The fundamental result in the study of planar graphs is Euler’s formula.

Theorem (Euler’s formula). For the number of vertices (v), edges (e) and
regions (=faces, countries, f) of a connected planar graph the following holds:

v + f = e + 2.

The proof is not difficult: if there is a cycle in the graph, then we can delete
one of its edges. This will decrease the number of regions by one, the number
of edges by one, so Euler’s formula is true for the original graph iff it is true
for the graph after deleting the edge. We can continue this until we arrive at a
spanning tree. At this moment f = 1, e = v − 1, so Euler’s formula is true.

Note that we might have seen Euler’s formula in geometry: it is true for
convex polyhedra.

Proposition. The graph K5 is not planar.

Assume to the contrary that K5 is planar. Then v = 5, e = 10, so f = 7.
Each cycle in the graph has at least 3 edges, and every edge is on the border of
(at most) two regions, so from the regions we see at least 7 · 3/2 edges, which is
a contradiction with e = 10.

The previous proof can be generalized to give an upper bound on the number
of edges of a planar graph.

Theorem. A planar, simple graph on n vertices has at most e ≤ 3n− 6 edges,
if n ≥ 3.

First, assume that G is connected. Each cycle in the graph has at least 3
edges, and every edge is on the border of (at most) two regions, so from the
regions we see at least e ≥ f ·3/2 edges. In other words, f ≤ 2e/3. Substituting
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it into Euler’s formula, we get f = e + 2−n, and f = e + 2−n ≤ 2e/3. Solving
for e gives e ≤ 3(n − 2).

If the graph is not connected, then we can add edges between the components
and increase the number of edges. The first part gives the upper bound for this
increased number of edges, so the original non-connected graph also has at most
3n − 6 edges.

Note that the previous proposition implies immediately that K5 is not pla-
nar, since it has 5 vertices and 10 edges, but 10 > 3 · 5 − 6.

If we know an extra condition which gives a lower bound on the length of
the shortest cycle in the graph, then copying the previous proof gives some
improvement.

Theorem. A bipartite, planar, simple graph has at most e ≤ 2n − 4 edges, if
n ≥ 3. In particular, the complete bipartite graph K3,3 is not planar.

We can copy the previous proof and may assume that the graph is connected.
The only thing that changes is that the shortest cycle has length 4, hence e ≥

f · 4/2. The same computations as before give the upper bound on e.
For K3,3, we have n = 6, e = 9, so e > 2n − 4.
The proof can be generalized for the case when the shortest cycle has length

g (this is called the girth of the graph).
Note that the upper bounds for the number of edges only give a necessary

condition for planarity. An easy example that it is not sufficient can be const-
ructed from a non-planar graph (e.g. K5) and adding a long path starting at
one of its points. This graph satisfies e ≤ 3n − 6 but it is not planar, since it
has a non-planar subgraph.

We have seen two important examples of non-planar graphs: K5 and K3,3.
There is a very simple transformation which transforms a planar graph to ano-
ther one: subdivision of edges. If we replace an edge by a path (so introduce
new vertices of degree two), then clearly, this does not change planarity. The
subdivision of a graph is a graph obtained by a sequence of subdivisions of edges.

Theorem (Kuratowski). A graph is planar if and only if it contains no subgraph
isomorphic to a subdivision of K5 or K3,3.

There are other versions of Kuratowski’s theorem, but this one is particularly
simple.

Instead of the plane we can also study graphs drawn on a surface (sphere,
torus, double torus, etc.) without edge crossings. It is clear (by the so-called
stereographic projection) that a graph is planar iff it can be drawn on the sphere
without crossings. However, if we use other surfaces, then it is a different notion.
For example, the graph K5 and K3, 3 can be drawn on the torus.
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