
Graph colourings

We are going to colour the vertices (or the edges, or the regions in case of a
planar graph).

Definition. A colouring of the vertices of a graph is a good colouring if the
endpoints of any edge have different colours. A colouring of the edges of a
graph is a good edge colouring if edges having a common endpoint have different
colours. A colouring of the regions of a planar graph is a good colouring if
adjacent regions (having a common edge on their border) have different colours.

The minimum number of colours in a good colouring is called the chromatic
number of the graph.The minimum number of colours in a good edge-colouring
is called the edge-chromatic number of the graph. This is sometimes called the
chromatic index of the graph. We denote the chromatic number of G by χ(G),
the edge-chromatic number by χ′(G).

In both cases we have to assume that the graph has no loops. Multiple edges
are irrelevant in case of the chromatic number (just keep one of the parallel edges
between the endpoints), while they change the situation for edge-colourings.

Some properties of χ, χ′ are easy to prove.

Proposition. If H is a subgraph of G, then χ(H) ≤ χ(G) and χ′(H) ≤ χ′(G).
If G is not connected, then its chromatic (edge-chomatic) number is the mi-
nimum of the chromatic (edge-chomatic) numbers of its components. For a
non-connected graph the chromatic (edge-chromatic) number is the maximum of
the chromatic (edge-chromatic) numbers of its components.

It is easy to determine the chromatic and edge chromatic number of certain
graphs. For example, χ(Kn) = n, χ(Cn) = 2 if n is even and it is 3, if n is
odd. Here Cn denotes the cycle with length n. The edge-chromatic number is
sometimes easy to determine: χ′(Cn) = 2 if n is even and it is 3, if n is odd.
χ′(Kn) is n − 1 if n is even, and n if n is odd.

Combining the previous proposition with the above examples we can easily
give a lower bound for the chromatic number. If G contains a complete subgraph
Kr, then χ(G) ≥ r. However, this is not the reason of having a large chromatic
number, Mycielski constructed graphs containing no K3 at all and χ(G) = k
(arbitrarily large).

On the other hand, there is also an easy upper bound for the chromatic
number.

Proposition. If the maximum degree of G is ∆, then χ(G) ≤ ∆ + 1.
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Let us start to colour the vertices greedily. Assume that certain vertices are
already coloured and the wish to colour vertex v. This vertex v has at most ∆
neighbours and we have ∆+1 colours, so there is a colour which does not occur
as colour of a neighbour. We can colour v with this colour. (Sometimes this
procedure is called an online colouring.)

We have seen examples showing that this bound is sharp: Kn and C2r+1 are
such graphs. The converse is due to Brooks.

Theorem (Brooks). If G is connected and neither Kn nor C2r+1, then χ(G) ≤
∆.

We will not prove the result. We also mention that having points of large
degree is again not the reason why the chromatic number is high: the star on n
vertices has ∆ = n− 1 and χ = 2. Actually, every tree (hence every forest) has
chromatic number 2.

Regarding the edge-colouring number there are very good bounds. There
is a trivial lower bound: ∆ ≤ χ′(G). Clearly, edges emanating from a vertex
of degree ∆ must be coloured with ∆ different colours. Shannon proved that
χ′(D) ≤ 3∆/2. This is sharp for a K3 in which every edge is a double edge,
here ∆ = 4 and χ′ = 6 (every two edges have a common endpoint).

For simple graphs, there is an even better result, which we give without
proof.

Theorem (Vizing). For a simple graph G we have χ′(G) ≤ ∆ + 1.

Therefore, for simple graphs we have χ′(G) = ∆ or ∆ + 1. However, it is
computationally difficult to decide which one is χ′, although it is known that
χ′(G) = ∆ + 1 for almost all graphs.

There is a relatively simple case: χ = 2. Note that χ = 1 means that the
graph is empty (has no edges). Graphs with χ = 2 are easy to imagine, the
vertices are partitioned into two classes, there are no edges inside the (colour)
classes. The next result gives an alternative description.

Proposition. A graph has χ = 2 if and only if it is non-empty and contains
no odd cycle (as a subgraph).

One direction is trivial: since χ(Codd) = 3, it cannot be contained in a graph
with χ(G) = 2. In the other direction consider a spanning tree: it has chromatic
number 2, and one can show that if there was an edge between vertices of the
same colour, then it would give an odd cycle.

In case of planar graphs, we can also colour the regions. This is what is
happening in a geographic atlas, the regions are countries and we have to co-
lour two countries with different colours if they have a common edge (on their
border). This can be turned to a question on colouring the vertices of the dual
graph. Each country will be represented by a point („the capital”) and two such
vertices will be joined by an edge iff the border of the two regions (countries)
has a common edge. One can prove that this dual graph is also planar. So, we
are essentially interested in the chromatic number of planar graphs. We will
prove (this is easy) that
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Proposition. The chromatic number of a planar (simple) graph is at most 6.

First we prove a lemma on the existence of a vertex of small degree.

Lemma. In a planar, simple graph there is always a vertex of degree at most
5.

Let n denote the number of vertices. If n ≤ 2, then this is obvious. For
n ≥ 3 a simple, planar graph has at most 3n − 6 vertices. So the sum of the
degrees is at most 6n − 12 < 6n. Hence there is a vertex of degree < 6.

We will use induction on the number of vertices. Let v be a vertex of degree
< 6. Then G − v is a planar graph of one less vertices, so it can be coloured
with 6 colours, by the induction hypothesis. Then we can find a colour for v,
since v has at most 5 neighbours and so there are at most 5 forbidden colours
and we have 6 colours.

This proof can be pushed further to give the proof of the so-called 5-colour
theorem.

Theorem. The chromatic number of a planar (simple) graph is at most 5.

Let v be a vertex of degree at most 5, as before. Again, by induction, the
cases v has degree at most 4 is easy as before. If deg(v) = 5 and there are two
neighbours of v having the same colour is also easy from the previous inductive
argument. So, we may assume that v has degree 5. We can find two neighbours
of v, say u,w, which are not adjacent (otherwise, there would be a K5 in the
graph). Let us delete the vertex v and merge u and w, that is to put a new
vertex uw in place of v. The edges going to u or w will go to the new vertex
uw. This graph can be drawn in the plane (an edge can go alond the original
edge to u and the alon the old edge uv to the new vertex uw. This graph has
fewer vertices than G, hence it can be coloured by 5 colours. Note that this new
graph may have parallel edges (causing no problem!) but no loops, because u
and w were not joined by an edge. We can now give the colour of the vertex
uw to both u and w. Hence we can colour the vertices of G − v in such a way
that u and w have the same colour. But it means that in the original graph the
neighbours of v do not have all the 5 colours, so there will be a „free colour” for
v.

The truth is that every planar graph has chromatic number at most 4. This
is called the Four Colour Theorem, which was proved in the seventies by Appel
and Haken, using computers. The problem was formulated in the nineteenth
century and there were several incorrect proofs published. It is a good exercise
to find a planar map in which the countries cannot be coloured with 3 colours.
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